We propose a magnetometer for the precise measurement of AC magnetic fields that uses a Terbium-doped optical fiber with half-waveplates built into it at specified distances. Our scheme uses an open-loop quantum control technique called dynamical decoupling to reduce the noise floor and thus increase the sensitivity. We show that dynamical decoupling is extremely effective in preserving the photon state evolution due to the external AC magnetic field from random birefringence in the fiber, even when accounting for errors in pulse timing. Hence we achieve high sensitivity. For a given inter-waveplate distance, the minimum detectable field is inversely proportional to fiber length, as is the bandwidth of detectable frequencies.
I. INTRODUCTION
Measurement of magnetic fields has been an active field of research for many years as it plays a pivotal role in diverse areas of science with a vast number of applications in the fields of geophysical measurements, medical imaging, military and scientific spacecraft missions. An ideal magnetometer must possess the following characteristics: ultra-high resolution, immunity to electromagnetic interference, ultra-low power consumption, a wide dynamic range and bandwidth, ultra-miniature size, low cost, and a wide range of operable temperatures [1] . Even though an ideal magnetometer is a distant goal, researchers have developed a wide range of magnetometers that are optimal for specific applications.
The initial models for measurement of magnetic field were based on electromagnetic induction, but in the last few decades a variety of extremely sensitive optical magnetometry techniques have been developed that range from superconducting quantum interference devices (SQUID) [2] , to cavity optomechanical system [3] [4] [5] , and spin squeezing in Bose-Einstein condensate [6] , and atoms [7] . The most practical and widely used magnetometer is based on SQUIDs and achieves a sensitivity of 3.6 fT/ √ Hz. Experimentally, the spin exchange relaxation-free magnetometry (SERF) outperforms SQUID-based magnetometers with a sensitivity of 160 aT/ √ Hz at room temperature [8] . In the recent past, negatively charged nitrogen-vacancy (NV) centers in diamond [9] [10] [11] [12] have been shown to achieve a sensitivity of 70 pT/ √ Hz that are nanoscale in size [10] , work at room temperature, and are predicted theoretically to reach 57 aT/ √ Hz in sensitivity [12] . A good account of the various types of magnetometer can be found in the book by Grosz et. al. [1] .
Optical magnetometry uses the magneto-optical effect that arises when light interacts with a medium in the presence of magnetic field. When the medium is an optical fiber, the plane of polarized light rotates as the light passes through the optical fiber and the angle of rotation is proportional to the magnetic field strength. Most high-precision magnetometers are not suitable for strong electromagnetic interference (EMI) environments because the presence of a strong ancillary electromagnetic signal causes errors in the sensors. Hence, a fiberoptic magnetometer is highly desirable as it combines the characteristics of immunity to EMI, high resolution, low power, a wide range of operable temperatures and potentially low cost. The fundamental limitation to the sensitivity of a fiber-optic magnetometer is time-varying birefringence in the fiber due to mechanical stresses and temperature fluctuations. This fluctuating birefringence increases the noise floor for the signal and thus decreases the signal-to-noise ratio (SNR) to reduce sensitivity.
In this paper, we propose a novel method for high precision measurement of AC magnetic fields using dynamical decoupling in a Terbium-doped optical fiber. We show how to apply the open-loop control protocol called dynamical decoupling (DD) in the optical fiber to decrease the noise floor of an AC signal and thus increase the sensitivity of the magnetometer. The technique for rearXiv:1807.08760v1 [quant-ph] 23 Jul 2018 duction of the noise floor is inspired by previous work on negatively charged nitrogen-vacancy centers in diamond that used DD to increase the coherence time of a single electron [13] . While a lot of attention has been given to using DD to preserve the state of a qubit for the purpose of quantum computing, we apply it here to the preservation of the rotating polarization for the purpose of enhanced quantum sensing.
We review the principles of optical magnetometry in section II, and then in section III, we introduce the openloop control DD technique to preserve the coherence of quantum states. In section IV, we discuss the operational dynamics for control of the noise floor in AC magnetometry using DD. Finally, in section V and VI, we describe the noise model and analyze the numerical results.
II. OPTICAL MAGNETOMETERY
Optical magnetometry uses the magneto-optical effect that arises when light interacts with a medium in the presence of magnetic field. The most prominent of the magneto-optical effects are the Faraday [14] [15] [16] and the Voigt [17] effect, i.e, rotation of light's polarization plane as it propagates through a medium placed in a longitudinal or transverse magnetic field, respectively. The Faraday rotation arises from the inequality of the refractive indices for right-and left-circularly polarized light; these, in turn, stem from the ground-and excited-state splitting in the medium when an external magnetic field is applied. The magnitude of optical rotation per unit magnetic field and unit length is characterized by the material-dependent Verdet constant V (λτ ) , which is both dispersive and temperature-dependent. The rotation of polarization azimuth φ F , which occurs when an optical beam propagates through a medium subjected to a Magnetic fieldH is given by
where L F is the interaction length [18, 19] . The standard silica fiber has a very low Verdet constant of 1.1 rad/(Tm) at 1064 nm, and hence a Faraday magnetometer based on standard silica fiber would be impractical due to long fiber lengths. For example, if the magnetic field is 0.2 T, the silica fiber length required for a 45 deg rotation is around 3.5 m. To overcome this limitation the fiber is doped with Terbium to increase the effective Verdet constant to −32 rad/(Tm), which is 27 times larger than that of a silica fiber [20, 21] .
Although the Terbium-doped optical fiber magnetometer has higher sensitivity because of large Verdet constant, the sensitivity of such an optical magnetometer is limited severely for long fiber lengths. This is due to the time-varying birefringence in the fiber caused by the mechanical stresses and temperature fluctuations that cause dephasing, or a spread in the observed polarization rotation, limiting measurement precision by increasing the noise floor and thus decreasing the SNR to reduce the sensitivity.
A technique for minimizing the quantum noise is called dynamical decoupling. The application of dynamical decoupling in an optical fiber to reduce quantum noise was first proposed by Wu and Lidar in [22] , and later investigated in [23] [24] [25] [26] [27] for the protection of photonic qubits traveling in an optical fiber. Although dynamical decoupling has been used to preserve the state of a qubit, it has never been applied for reduction of noise in an AC signal in an optical fiber.
III. DYNAMICAL DECOUPLING
The technique of DD is inspired by nuclear magnetic resonance (NMR), where tailored time-dependent perturbations are used to control system evolution [28] . It is an open-loop control technique that decouples the system from environmental interactions, where the interaction is pure dephasing. It effectively preserves the dynamical evolution of the system while still minimizing the effects of the environment.
Dynamical decoupling minimizes the decoherence of the system by adding a time-dependent control Hamiltonian. If the time scale of the control is appropriately short compared to the characteristic time scale for entanglement of the system with its environment, the undesired evolution can (to limited order) be reversed, such that on periodic time scales the desired evolution of the qubit system is preserved.
In DD, the control Hamiltonian is implemented by applying a sequence of pulses to the system, which is faster than the shortest time scale accessible to the reservoir degree of freedom, such that system-bath coupling is averaged to zero. The simplest pulse sequence that cancels system-environment interaction to first order is known as the Carr-Purcell-Meiboom-Gill (CPMG) DD pulse sequence [29, 30] . It is an equidistant two-pulse sequence that has been widely used for decoupling of the system from the environment.
IV. OPERATING PRINCIPLE
We propose to use a Terbium-doped optical fiber with half-wave plates built into it at specified distances for the measurement of AC magnetic fields. The schematic of the proposed scheme is shown in Fig. 1(a) , where the fixed inter-waveplate distance and refractive index of the optical fiber defines the characteristic measurement frequency of the device. The motivation for this sensor is its technological simplicity of design, as well as its portability and durability. The half-wave plate in the optical fiber implements the CPMG pulse sequence that helps to cancel the noise while preserving the signal i.e the rotation of photon state vector due to the external magnetic field. The quantum state of the photon propagating through the optical fiber is represented by a state vector on a Bloch Sphere as shown in Fig. 2 . As the photon propagates through the optical fiber placed in longitudinal AC magnetic field, the positive cycle of the magnetic field causes its state vector to rotate in the counterclockwise direction around the z-axis. The negative cycle of the magnetic field would ordinarily cause the photon state vector to rotate in the opposite direction, but since the evolution of the state vector is modified by the CPMG π pulse sequence, this instead results in the counterclockwise rotation of the state vector. The pulse sequence that was added to remove the environmental noise from the signal actually facilitates the making of the measurement itself. Since the angle of polarization rotation is proportional to the length of the fiber, all other things being equal, the sensitivity of the magnetometer is inversely proportional to the inter-waveplate distance τ .
Analytically, it can be shown that the maximum positive rotation occurs for photons propagating through the fiber when the magnetic field is at its maximum amplitude. The amount of polarization rotation varies sinusoidally with time at the same frequency as the field to be measured.
In general, the DD technique can not preserve the signal evolution, while eliminating the environmental noise,
FIG. 2. (Color online)
Schematic of the Bloch sphere, showing the evolution of Bloch vector in our magnetometry scheme. In the time before application of the first pulse of the CPMG sequence, the photon polarization state rotates counterclockwise through angle θ. The pulse, a rotation by π around the x-axis (dotted red arrow), is then applied. The photon is then allowed to evolve freely through an angle 2θ, but since the pulse is applied at a node of the AC field, the rotation after the pulse is in the opposite direction than before the pulse. Application of another π pulse (not shown) after the 2θ rotation will leave the state vector rotated counterclockwise by angle 3θ compared to the original state. The final free evolution step (not shown) results in a state vector rotated counterclockwise by 4θ from the original state.
if the noise is in the same direction as the desired signal. Here, however, the time dependence of the field provides a means of discriminating between the signal and noise. If the control pulse is synchronized with the zero crossing of the magnetic field as shown in Fig. 1(b) , the angle of polarization rotation i.e. the signal can be preserved. One can view this as the field, which changes sign when the π pulse is applied, flipping with the system so it is always positive in the toggling frame.
V. NOISE MODEL
Decoherence of a photonic state has its origin in fluctuating birefringence of the fiber that can result from both intrinsic and extrinsic perturbations. If a photonic qubit propagates for a length ∆L in an optical fiber then the phase accumulated by it is given by ∆φ = (2π/λ)∆L∆n, where ∆n is the birefringence of the fiber and λ is the wavelength. We model the axially varying index dephasing in an optical fiber of length L by a series of concatenated, homogeneous segments of length ∆L with constant ∆n [23, 26, 31] . The index fluctuations across these segments of fiber are random and the stochastic fluctuation of refractive index difference ∆n(x) across the segments are simulated as a Gaussian-distributed zero mean random process [31, 32] . The noise is defined by the firstorder correlation function at two points x 1 and x 2 inside the fiber as
Here we assume that the fiber only exhibits linear index fluctuation as the radial dimension of the fiber is very small. To characterize the effectiveness of our proposed scheme, we use the fidelity F between the desired output state |ψ d , that is the final polarization state in the absence of fluctuating birefringence, and the actual output density matrix ρ out as
where
Here n represents the total number of randomly generated phase profiles corresponding to simulated birefringent noise in fiber and |φ i is the actual photon state after traveling through the fiber.
VI. NUMERICAL RESULTS

FIG. 3. (Color online)
Plot of signal fidelity as a function of waveplate separation. We show fidelities without application of DD (purple curve) and with application of DD assuming three different fractional standard deviations σ∆y/y in wave plate placement error, where σ∆y is the standard deviation of error in wave plate placement and y is the wave plate separation. Calculations are for a 500 m fiber with standard error of 100 radians in birefringence. Labeled curves use the CPMG pulse sequence. Note that an increase in wave plate placement error does not noticeably affect fidelity for a given wave plate separation.
We numerically demonstrate the effectiveness of our scheme in preserving the polarization rotaton of photons due to an external magnetic field. As shown in the Fig. 3 , the simulation of photons traveling through the fiber in the absence of DD gives a final state fidelity of one half, indicating the photons are completely unpolarized at the end of the fiber, destroying any measurement capability. We also plot the photon fidelity, with the addition of DD   FIG. 4. (Color online) Plot shows the band of frequencies that can be measured using our design. Because the magnetic field strength is inferred from the angle of photon polarization rotation, we define signal strength θ/θmax as the polarization rotation angle θ produced by a magnetic field at frequency ω = ∆ω + ω0 divided by the rotation angle θmax produced by a field at the fiber's characteristic frequency, ω0. Signal strength oscillates inside an envelope given by 1 2πm
where m is the number of magnetic field cycles seen by the photon as it travels through the fiber. The calculation is done for m = 600.
pulses, and find that they do indeed, for small enough waveplate separations, preserve the desired evolution. To estimate the range of measurable magnetic field frequencies, we numerically estimate the range of inter-waveplate distance such that fidelity of the signal is greater than 95%. The result of the simulation is in Fig. 3 that shows fidelity as a function of the inter-waveplate distance, using a fiber coherence length of 3 m [23] . As the interwaveplate distance is increased, the fidelity tends toward 50%, which characterizes a maximally mixed final state that also means that DD is ineffective in preserving signal for larger separation of waveplates. We find that a fidelity greater than 95% is achieved for inter-waveplate distances less than 13 cm. Hence taking 0.1-0.13 m as the implementable range of inter-waveplate distances will put the ideal measurable magnetic field frequencies in the microwave regime, from several hundred MHz to 10 GHz. We also see that fidelity is well preserved even for differing errors in the placement of waveplates in the optical fiber.
As mentioned previously, the fixed inter-waveplate distance and the refractive index of a fiber after construction define a single frequency at which light propagating through will experience the decoupling pulses. Thus, the requirement that the pulses occur when the field is at a node implies that a given fiber will optimally measure fields oscillating at its characteristic frequency, ω 0 = 2πc/2yn where c is the speed of light in vacuum, n is the refractive index of the fiber, and y is the interwaveplate distance. If the field to be measured oscillates at some frequency ω = ∆ω + ω 0 , the DD pulses will not be applied precisely at field nodes, and the error in pulse placement will accumulate as the photon travels down the fiber. Fig. 4 shows the dependence of signal strength on detuning from ω 0 in a noiseless fiber. All loss is thus inherent in the measurement scheme. The curve has envelope ω 0 /(2πm∆ω) where m is the number of magnetic field cycles that occur in the time it takes a photon to travel through the fiber. As a result, for a given detuning, signal strength goes as one over m, and thus as one over fiber length.
The severe dependence of the signal on synchronization also raises the question of whether the error in waveplate placement, which is to a certain extent unavoidable, undermines the viability of the scheme. Fig. 5 shows the angle of polarization rotation as a function of fiber length for different standard errors in waveplate placement. The error is modeled as following a zero-mean Gaussian distribution. We see that the ideal linear relationship between the angle of rotation and path length is well preserved by dynamical decoupling, even for placement errors as high as 12% of the inter-waveplate distance.
In Fig. 6 , we investigate whether an increased error in waveplate placement, which results in the fiber being less tailored to its characteristic frequency, causes a corresponding increase in the bandwidth of measurable frequencies. This, however, is not the case. The different colored bands in the figure represent regions with approximately the same angle of polarization rotation. They do not appreciably widen with increasing placement error.
FIG. 6. (Color online)
Angle of polarization rotation for a 500 m fiber with 100 radian birefringence profile using the CPMG pulse sequence as a function of waveplate placement error and detuning. Horizontal axis is fractional waveplate placement error and vertical axis is fractional detuning. Notice that the contours of constant polarization rotation angle remain roughly parallel as error in waveplate placement is increased. This indicates that the scheme is robust against error in waveplate placement, but also that error in waveplate placement does not result in a wider band of measurable frequencies.
VII. CONCLUSION
We demonstrate the effectiveness of our proposed magnetometer that uses a Terbium-doped optical fiber with waveplates built into it at specified distances. The sensitivity of such a device is inversely proportional to the fiber length. This scheme remains viable even after accounting for errors in the placement of waveplates. The sensitivity of Terbium-doped optical fiber based AC magnetometer is dependent on Verdet constant. For measuring a magnetic field of 10 µT with a fiber length of 4 m, the angle of polarization rotation would be 128 × 10 −6 rad. Measurement of such small phase is possible with current metrological instruments.
Fiber-based magnetometry with high sensitivity has the very important military application of AC magnetic submarine field anomaly detection in the sea. Such a fiber-based magnetometer can also be used as a sensor in high voltage grids for detection of transmission failures and switchovers. Such applications give our proposed method an edge over other types of magnetometers.
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